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Abstract 
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additional axioms characterize 
spaces. 
of the original axioms of Menger which together with 
the covering dimension, dim, on the class of metrizable 
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1. Introduction 
In the sequel, C denotes a class of topological spaces that contains every unit 
cube I”, n E N = (1, 2, 3,. . .I, and every space homeomorphic with a subspace of a 
member of C. Examples of such classes are M, the class of all metrizable spaces, 
S, the class of all separable metrizable spaces, F, the class of all metrizable spaces 
with dim < co, and E = F n S. Note that X E E if and only if X can be embedded 
in some Euclidean space R”, n E N. We recall the following axioms of Menger for 
a real-valued function d defined on C [9]. 
(Al) If XC Y and YE C, then d(X) Q d(Y). 
(AZ) If X E C is the union of closed subspaces Xi, i E N, then d(X) ( sup(d(Xi): 
iEN). 
(A31 If X, Y are homeomorphic members of C, then d(X) = d(Y). 
(A41 Every XE C has a compactification YE C with d(X) = d(Y). 
(A51 d(@) = - 1, d({Ol) = 0 and dU”) = rz, 12 EN. 
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Menger’s axioms do not suffice to characterize dim on the class E. For, as 
shown by I. Shvedov (see [7]), the cohomological dimension function dim, with 
respect to a finitely generated Abelian group G also satisfies the axioms on E. 
Recently, however, Hayashi [6] has shown that Menger’s axioms together with the 
following decomposition axiom (A6) are independent and characterize covering 
dimension on E. 
(A61 If d(X) <n, where n EN, then there exist subspaces Xi of X, i = 
1, 2,. . . ) n, such that d(Xi) < 0 and X= lJ rZ=,Xi. 
The above axioms enjoy two advantages over other axioms that have been 
proposed in the past: They are intuitively plausible and they are not immediately 
suggestive of a definition of dimension. It is therefore of interest to extend 
Hayashi’s characterization to the bigger class M consisting of all metrizable spaces, 
where a satisfactory dimension theory exists. Evidently, we first have to allow d to 
take the value 03. Secondly, as every subspace of a compact metrizable space is 
separable, no function d on M satisfies (A4), which, therefore has to be replaced 
by a weaker condition. The characterizations obtained in this paper result from 
replacing the notion of embedding by the notion of virtual embedding, which is 
introduced and studied in Section 2. It is shown, in particular, that every metriz- 
able space can be virtually embedded in a compact metrizable space with the same 
covering dimension. In Section 3, we generalize Hayashi’s result to both S and M 
and present several other characterizations of dim obtained by replacing some of 
L42), (A$ (A6) with other equally reasonable conditions. Section 4 is devoted to 
the study of the properties of virtual embeddings with respect to cohomological 
dimension. The results of this section, apart from being of interest in their own 
right, are applied in Section 5, where we show that the axioms used in the 
characterizations of Section 3 are independent. 
For the standard results in dimension theory, the reader is referred to [4,101. 
2. Virtual embeddings 
A continuous function f : X + Y between Tychonoff spaces is called a virtual 
embedding if there is a collection (G,: n E N) of cozero subsets of Y and, for ecah 
IZ E N, a discrete collection {Gnu: LY EA} of open subsets of X such that f-‘(G,) = 
U (G,,,: a EA) and {G,,: n E N, (Y E A} is a base for the topology of X. If 
f : X + Y is a virtual embedding, then evidently X is metrizable. If additionally 
A CX and f(A) c B c Y, it can be readily seen that the restriction f : A + B is 
also a virtual embedding. Another implication is as follows. 
Proposition 2.1. If f : X + Y is a virtual embedding between Tychonoff spaces then 
dim X < dim Y. 
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Proof. We will prove it here when f : X + Y is a virtual embedding between 
metrizable spaces, the proof of the general case follows the pattern of the proof of 
Proposition 4.4. The cases dim Y = - 1 or C=J require no comment. Let us assume 
dim Y = 0. Let {G,: IZ EN} be a collection of open sets of Y and (G,,: n EN, 
(Y EA} a a-discrete base of X with f-‘(GJ = U(G,,: LY =A). Then each G, is an 
&-set of the strongly zero-dimensional metrizable space Y and hence there exist 
clopen sets G,, of Y with G,, = U z=rGn,,,. Since {Gn,: (Y EA} is a discrete cover 
of f-‘(GJ, then H,,, =f-‘(GJ n G,, is clopen in X for each (Y E A and IZ, 
m EN. Hence (H,,,: n,m EN, a EA} is a u-discrete base of X consisting of 
clopen sets and therefore dim X< 0. Thus, it remains to consider the case dim 
Y = II, IZ E N. For the metrizable space Y this implies the existence of a decompo- 
sition Y=Y,UY,U .. . U Y, where dim Y Q 0, i=O, l,..., IZ. Letting X, = 
f-‘(Y), since f : Xi + Y is a virtual embedding and dim Y < 0, then dim Xi < 0. 
Obviously, X=X, U X, U * . . UX,, which for the metrizable space X is equiva- 
lent to dim X < n = dim Y. 0 
Consider now a metrizable space X that is z-embedded in a Tychonoff space Y. 
This means every cozero set of X is of the form G nX for some cozero set G of 
Y. Let {Gn,: n EN, (Y EA} be a c-discrete base of X. Since each H, = U(G,,: 
cy EA) is open and therefore cozero in X, there exists a cozero set G,, of Y with 
H, = G,, NIX. Hence the inclusion X+ Y is a virtual embedding. In particular, X 
is virtually embedded in its Stone-Tech compactification PX. Another example of 
a virtual embedding is a continuous f : X + Y of a metrizable X with dim X Q 0 
into a Tychonoff space Y. For we may let G,, = Y and {Gn,: (Y E A} be an open 
cover of X of order < 0 and mesh Q l/n for each it in N. Proposition 2.2 that 
follows provides other examples of virtual embeddings, and in Proposition 2.4, we 
prove that every metrizable space can be virtually embedded into a compact 
metrizable space of the same covering dimension. 
Proposition 2.2. Let f : X + Y be a closed mapping from a metrizable space X into a 
paracompact space Y with dim f- '( y> < 0 for every y E Y. Then f is a virtual 
embedding. 
Proof. Consider first m E N and y E Y. Since dim f-‘(y) < 0, there is an open 
cover (F,: /3 EB} of f-‘(y) of mesh Q 1/2m and order 0. It follows that {E;p: 
p E B} is a discrete collection of closed sets of the metrizable and therefore 
collectionwise normal space X. Hence there is a discrete open collection {Up: 
/3 E B} of X with FP c Us. Since FP has diameter < 1/2m, we may assume that 
Up has diameter < l/m. Now, the open neighbourhood 
U=Y-f(X- U(U,: PEB)) 
of y has the property that f-‘(U) has a discrete in X open cover {f-‘(U) n UP: 
/3 E B} of mesh < l/m. Using this property and the fact that every open cover of a 
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paracompact space has a c-discrete cozero refinement, we can construct for each 
m in N, a u-discrete cozero cover {Gmna: n E N, (Y E A] of Y and for each m, n 
and (Y a discrete in X open cover {G,,,,: p EB] of f-‘(G,,,) of mesh < l/m. 
Then {Gmnap: (m, n) E NX N, ((Y, /?I EA XB] is a base of X, for m,n EN, 
G,, = UC&m,: a EA) is cozero in Y, and {Gmnolp: ((Y, /3> EA X B) is a discrete 
open collection of X with union f-i(Gm,). It is now clear that f is a virtual 
embedding. 0 
Part of the following result is needed in the proof of Proposition 2.4. 
Proposition 2.3. Consider mappings f : X + Y and g : Y + Z between Tychonoff 
spaces. Then (i) if g 0 f is a virtual embedding, so is f, and (ii> if both f and g are 
virtual embeddings, so is g 0 f. 
Proof. (i) Let (H,: n EN) be a collection of cozero sets of Z and (Hn,: n EN, LY E 
A) a a-discrete base of X with 
(Pf)-‘(Ii,) =f-‘(g-yH,)) = U(H,,: aEA). 
The result follows on letting G, = g-‘(HJ and G,, = H,,. 
(ii) Let {G,: n EN), (H,: n EN) be collections of cozero sets of Y, Z, 
respectively, and {G,,: n E N, (Y ~4, {H,,: n EN, p E B) be a-discrete bases of 
X, Y, respectively, with f-‘(G,> = U(G,,: (Y EA) and 
g-‘(HJ = U(H,p: p q. 
Let Bnl, = {P E B: Hnp c G,], G,,,, = U(H,,: p E B,,) and H,, = H,. Then it is 
readily seen that G,, is cozero in Y, G,,, = U E=rG,,,,, and 
{f-‘(Hd: P @B,,,} u {f-‘(GA n G,,: (YEA} 
is discrete in X with union (g 0 f )-l(H,,,) for each n,m EN. The result now 
follows on noting that If-‘(G,J n Gm,: a EA, n,m EN) is a base of X. q 
Proposition 2.4. For every metrizable X, there is a virtual embedding f : X + Y into a 
compact metrizable space Y with dim Y = dim X. 
Proof. Let {G,,: n EN, (Y EA) be a a-discrete base of X. Put U, = lJ(G,,: (Y EA) 
and choose a continuous g, : X -+ Z with g;‘(O, 11 = U,. Let g = (g,, g,, . . .I: X 
+zN, 5Tn:zN --f Z be the projection of IN onto its nth factor and G, = r;‘(O, 11. 
Evidently, g-‘(G,) = U, and hence g is a virtual embedding. Now, Marde6iE’s 
factorization theorem [S] applied to pg : /3X + IN, where p denotes Stone-kech 
extension, provides a compact metrizable space Y and maps f : X + Y and 
h : Y -+ IN such that g = h 0 f and dim Y < dim X. In view of Proposition 2.3, 
f : X --, Y is a virtual embedding and, by Proposition 2.1, dim X < dim Y. Hence 
dim Y=dim X. 0 
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Our next few results culminate in Proposition 2.7 which enables us to convert a 
virtual embedding f : X-t Y, where X is separable and Y is compact metrizable, 
into an embedding of X into a compact metrizable space. 
Lemma 2.5. Let f : X --, Y be continuous and U a cozero set of Y with f-‘(U) = U, u 
U, where U,, U, are disjoint open sets of X. Then there are continuous g : X + Z and 
h: Z --f Y and disjoint cozero sets V,, V, of Z such that f = h 0 g, U =g-‘(V,), 
h- ‘(II) = V, U V, and the restriction of h to Z - V. is a homeomorphism onto Y, 
i = 1, 2. If Y is Hausdorff, Tychonoff, compact, Lindeliif or metrizable, then Z has 
the same property and, in the last case, h is a virtual embedding. 
Proof. In (1, 2) x Y identify (1, y) with (2, y) for y E Y- U to obtain Z consisting 
of equivalence classes (i, y), i = 1, 2, y E Y. Define g(x) = (1, f(x)> for x P Uz, 
g(x) = (2, f(x)) f or XP U,, h((i, y>)=y and y=I(i, y): y E U), i= 1, 2. The 
verification of the stated properties is straightforward, that h is a virtual embed- 
ding when Y is metrizable being a consequence of Proposition 2.2. 0 
Lemma 2.6. Let {X,, f,,,,,: N} be an inverse sequence of metrizable spaces such that 
each bonding map f,,, + 1 : X,, + 1 + X,, is a virtual embedding. Then, if X = lim X,,, 
each canonical projection r,, : X --) X, is a virtual embedding. 
Proof. It suffices to prove it for n = 1. Note that by Proposition 2.3, f,, : X,, + X,, 
m < n, being the composite of fi i+l, i = n - 1, n - 2,. . . , m, is a virtual embed- 
ding. For each n in N, pick open sets G,, of Xi, m EN, and a discrete open 
collection (Gmna: (Y EA) of X,, whose union is f,-,‘(G,,J and such that {G,,,: 
m EN, (Y EA) is a base of X,,. Then {r;‘(G,,,>: (m, n) EN X N, o EA} is a base 
of X and for each (m, n), (r;‘(G,,,): (Y E A) is discrete in X with union 
r;‘(G,,), since rTT1 = fill 0 TV. Hence rrl is a virtual embedding and the result 
follows. q 
Proposition 2.7. Let f : X + Y be a virtual embedding of a separable space X into a 
compact metrizable space Y. Then there is a metrizable compactification g : X+ Z 
and a virtual embedding h : Z + Y with f = h 0 g. 
Proof. Noting that a discrete collection of the separable space X is necessarily 
countable, there exists an open collection {G,: m EN} of Y and a base {G,,: m, 
n EN} of X such that {Gm,: n EN} is discrete in X and has union f-‘(G,). After 
relabelling, therefore, we have an open collection {U,,: n EN} of Y and disjoint 
open sets Unl, U,, of X such that f-‘(II,) = U,,, U U,, and {Qi: n EN, i = 1, 2} 
forms a base of X. Using induction and Lemma 2.5, we can construct the 
commutative diagram of Fig. 1, where, for n E N and Z, = Y, h, : Z, + Z,_ 1 is a 
perfect virtual embedding between compact spaces and Z, contains disjoint open 
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sets Vni,  = 1, 2, such that g;i(L$) = Uni and V,, U V,, = h,;‘(U,>, where h,, for 
m < n denotes the composite of h,, h,_l,. . . , h,, 1. 
We let Z be the limit space of the inverse sequence (Z,, h,,: NU IO)}, 
g : X + Z the mapping induced by the maps g, : X + Z,, T,, : Z + Z, the canoni- 
cal projection and h = rTTo : Z --) Z, = Y. Z is of course compact and, by Lemma 
2.6, h is a virtual embedding. Finally, given a neighbourhood I/ of a point x of X, 
then for some i = 1 or 2 and n E N, x E U& c I’. Since Uni = g; ‘(Vni) = 
g-‘(rr; ‘<V,,>>, it follows that g : X + Z is an embedding. The result is now evident 
as the properties verified above for Z hold for the closure of g(X) in Z, which is 
indeed a compactification of X. q 
3. Axiomatic characterizations of dim 
The following two results are needed in several of the characterization theorems 
that follow. The proof of the second one is a modification of the proofs of the 
corresponding results in [6,9]. 
Lemma 3.1. Let d : S + R U ( - 00, 031 satisfy (Al)-(A5). Then - 1 G d(X) G dim X 
for all X in S. 
Proof. Since every space contains @, in view of (A51 and (Al), - 1 < d(X). If dim 
X = 03, the result is evident. Otherwise, dim X d n for some n in N, and therefore 
X can be embedded in 12n+1. Then (A51 in conjunction with (Al) and (A31 assure 
that d(X) G 2n + 1. Hence, d is real-valued on E and the result follows formally 
from [6, Theorem 4.11. A simpler proof of the last result has been given by Aarts 
and Pol [l, Theorem 31. 0 
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Lemma 3.2. Let d : S + R U {- M, a) satisfy (Al)-@&). Then, for Yin S, d(Y) < 0 
implies dim Y < 0. 
Sketch of proof. Assume on the contrary that for some Y in S, d(Y) < 0 < dim Y. 
By (A4), there is a compactification K of Y with d(K) = d(Y). Evidently, dim 
Y < dim K so that d(K) < 0 < dim K. Since K is compact with positive dim, it 
contains a compact, connected component L consisting of at least two points. By 
(Al), d(L) < 0. By the homogeneity of RN, any two points of it can be joined by a 
space homeomorphic with L. Let {a,: i EN) be a dense subset of RN and {Gi: 
iEN} a base of RN with G, = RN and each Gi homeomorphic to RN. For 
i, j, n EN with ai and aj E G,, let Li,,, be a copy of L inside G,, joining ai and 
aj, and let Z be the union of all these copies of L. By (A3), d(Lij,) < 0, and 
hence, by (A2), d(Z) < 0. Also, it is readily seen that for any subspace W of RN 
containing Z, W n G,,, n EN, is connected, whence W is connected and locally 
connected. Now by Lavrentiefrs theorem [3, Theorem 4.3.211 and (A4), there is 
such a W which is also a G,-set of RN and is homeomorphic with a G,-set of a 
compact space M with d(M) =d(Z) < 0. By (Al) and (A3), d(W) <d(M) < 0. 
However, W is completely metrizable, connected, locally connected and contains 
at least two distinct points and therefore contains a copy of I [3, Problem 6.3.111. 
This in view of (Al) and (A3) implies d(l) Q 0, contradicting (A5). Consequently, 
d(Y) < 0 implies dim Y < 0. •I 
In order to generalize Hayashi’s characterization of dim, we consider the 
following axioms, which in view of Propositions 2.1 and 2.4 are satisfied by dim on 
the class M of all metrizable spaces. 
(B1)If f:X+Y is a virtual embedding between members of C, then d(X) < 
d(Y ). 
(B4) Every X in C has a virtual embedding into a compact member Y of C with 
d(Y I= d(X). 
Theorem 3.3. On M, dim is the only extended real-valued function that satisfies (Bl), 
(A2), 034), (AS and L46). 
Proof. Let d : M + R U ( -m, =J) satisfy the above axioms and consider X E M. By 
(B4), there exist a compact Y in S with d(Y) = d(X) and a virtual embedding 
f:X+Y. 
Assume now that X E S. By Proposition 2.7, there exist a metrizable compactifi- 
cation g : X + Z of X and a virtual embedding h : Z + Y with h 0 g =f. By (Bl), 
d(X) ( d(Z) < d(Y) and hence d(X) = d(Z) = d(Y). Since evidently (Bl) implies 
both (Al) and (A3), then, on S, d satisfies (Al)-(A5), and the conclusions of 
Lemmas 3.1 and 3.2 hold. 
We return to the general situation of the first paragraph where X is an 
arbitrary member of M, Y is in S, d(Y) = d(X) and f : X+ Y is a virtual 
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embedding. By Lemma 3.1, - 1 < d(Y) < dim Y. If - 1 G d(Y) < 0, then in view of 
(A5) and (Bl), Y is empty and so dim Y = d(Y). If n - 1~ d(Y) < n, where IZ EN, 
then by (A6), Y=Y,U ... u Y, with d(Y) G 0. But then, by Lemma 3.2, dim 
rY;. < 0 and hence dim Y G II - 1 G d(Y), [4, Theorem 1.581. It follows that, in any 
case, dim Y G d(Y) = d(X). Now, since f : X + Y is a virtual embedding, by 
Proposition 2.1, dim X < dim Y < d(X). 
To conclude the proof, it suffices to show d(X) G dim X. By Proposition 2.4, X 
is virtually embedded in a compact space W of S with dim W = dim X. Then, by 
Lemma 3.1, d(W) G dim W and, by (Bl), d(X) < d(W). Hence d(X) < dim X. 
The same argument establishes the following result. 
Theorem 3.4. On S, dim is the only extended real-valued function that satisfies 
(Al)-(A6). 
Further characterizations can be obtained on replacing (A6) with the following 
axiom. It is a result of Freudenthal [5] that every compact metrizable space with 
dim < n is the limit space of an inverse sequence of polyhedra of (combinatorial) 
dimension G n. 
(B6) Every compact space X in C with d(X) G n, n E N, is the limit space of an 
inverse system of polyhedra of dimension < n. 
Theorem 3.5. On M, dim is the only extended integer-valued function that satisfies 
(Bl), 6% (B4), L45) and 036). 
Proof. Consider d : A4 + N u {-a~, 03) that satisfies the above axioms. As in Theo- 
rem 3.3, the first four axioms assure that the conclusions of Lemmas 3.1 and 3.2 
hold for the restriction of d to S. 
Consider X in M. By Proposition 2.4, X is virtually embedded in a compact Y 
in S with dim X = dim Y. By Lemma 3.1, d(Y) 6 dim Y and by (Bl), d(X) < d(Y). 
Hence d(X) < dim X. To prove the reverse inequality, we consider, in view of 
(B4), a compact Z in S with d(X) = d(Z) in which X is virtually embedded. The 
inequality dim X G d(X) is obviously valid if d(Z) = ~0. By Lemma 3.1, - 1 < d(Z). 
If d(Z) = - 1, it cannot contain a point by (Bl) and (A5). Hence Z =X = fl and 
dim X = d(X) = - 1. If d(Z) = 0, by Lemma 3.2, dim Z G 0, and, by Proposition 
2.1, dim XG dim Z G d(Z) = d(X). Finally, consider the case d(Z) = It, n EN. BY 
(B6), Z is the limit space of compact spaces with dim =G n. This assures that dim 
Z G n (see e.g. [S]). Thus, by Proposition 2.1, dim X < dim Z < n = d(Z) = d(X). 
0 
A similar argument yields the following result. 
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Theorem 3.6. On S, dim is the only extended integer-valued function that satisfies 
(Al)-@51 and (B6). 
In the characterizations that follow, (B5) denotes the strengthened version of 
(A5) requiring additionally that X E C and d(X) = n whenever X is a countably 
infinite union of cubes I”, n E N U (0}, where I” is a singleton for n = 0. We also 
use the following reasonable axiom. 
(B3) If X is a compact and connected space of C containing at least two points, 
then d(X) > 0. 
Theorem 3.7. On M, dim is the only extended real-valued function satisfying (Bl), 
(B3)-(B5) and (A6). 
Proof. We first prove dim X G d(X) for every X in M, where d : M + R U ( - m, m) 
satisfies the stated axioms on M. It obviously holds if d(X) = m, and if d(X) < 0, 
by (Bl) and (B5), X= fl and hence dim X= d(X) = - 1. It remains to consider 
the case 0 G d(X) < m. By (B4), X is virtually embedded in a compact Y in S with 
d(Y) = d(X). Consider first the case d(X) = 0. Then, by (Bl), for every subspace 
2 of Y, d(Z) G 0 so that, by (B3), the connected components of Y are singletons. 
For the compact space Y this implies dim Y G 0. Hence, by Proposition 2.1, dim 
X G 0 = d(X). Consider finally the general case n - 1 G d(X) < n, n E N. By (A61, 
x=x,u *.. uX, where d(Xj) G 0 and hence dim Xi 6 0. This, of course, 
implies dim XG n - 1~ d(X). 
It remains to prove d(X) Q dim X. This holds if dim X = m and, by (B5), if dim 
X = - 1. We may therefore assume dim X = n, 0 < n < m. By Proposition 2.4 and 
(Bl), we can also assume that X is compact. Consider W= Z:n+l, the subspace of 
Z*“+’ consisting of points with at most n irrational coordinates. W is the union of 
a countably infinite collection of cubes I” and, by (B5), d(W) = n. By (B4), W has 
a metrizable virtual compactification f : W + Y with d(Y) = n. By Proposition 2.7, 
there is a metrizable compactification g : W + Z and a virtual embedding h : Z + Y 
with f = h 0 g. By [6, Theorem 3.21, Z contains a subspace homeomorphic with X. 
Finally, by (Bl), d(X) Q d(Z) =G d(Y) = n = dim X. 0 
Theorem 3.8. On M, dim is the only extended integer-valued function that satisfies 
(Bl) and (B3)-(B6). 
Proof. Let d : M + N u { -m, m} satisfy the stated axioms. The inequality d(X) G 
dim X, for X in M, and the part of the inequality dim X G d(X) for d(X) < 0, 
d(X) = 0 or d(X) = m are dealt with in exactly the same manner as in Theorem 
3.5. For d(X) = n, n EN, there is, by (B41, a virtual compactification Y of X in S 
with d(Y) = d(X) = n. By (B6), Y is the limit space of compact spaces with 
dim G n, which assures that dim Y G n. Finally, by Proposition 2.1, dim X < dim 
Y<d(X). 0 
We note in conclusion the specializations of the last two results to S. 
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Theorem 3.9. On S, dim is the only extended real-valued function that satisfies (Al), 
(A3), (A4), (A6), (B3) and 035). 
Theorem 3.10. On S, dim is the only extended integer-valued function satisfying 
(Al), (A31, (A4), (B31, (B5) and (B6). 
4. Virtual embeddings and cohomological dimension 
In this section G denotes a finitely generated Abelian group and dim,(X) the 
cohomological dimension of a space X with respect to G. For the standard results 
on cohomological dimension we refer to [7,10]. It is known that dim, satisfies 
(A3), (B3) and (B5). It satisfies (A2) for paracompact Hausdorff spaces, (Al) on 
M, and (A41 on E. In fact, dim,(X) = dim.(PX) for a paracompact Hausdorff 
space X with dim X < 00. However, examples have recently been constructed of 
separable metric spaces X with dim,X< dim,Y for every compactification Y of 
X [2]. We will show that dim, satisfies (Bl) and (B4) on F. 
Lemma 4.1. Let X be a z-embedded subset of a compact Hausdo$f space Y. Then 
PX is homeomorphic with a subspace of the limit space of an inverse system 
consisting of spaces PG, where G is a cozero set of Y containing X. 
Proof. Let A consist of all cozero sets of Y that contain X. On A, define G <H to 
mean H c G, and for G <H let rTTGH : OH + PG be the Stone-Tech extension of 
the inclusion H + G. Evidently, G n H is a common successor of G, H E A, and it 
follows that {PG, rTTGH: A} is an inverse limit system. Let 2 be its limit space, 
rTTG : Z + /3(G) the canonical projection and i : X -+ Z the embedding induced by 
the inclusions X+ /3G, G E A. Consider disjoint closed sets E,, E, of X for 
which there exists a continuous f : X -+ I = [O, 11 with f/E, = 0 and f/E, = 1. It 
will suffice to show that, in Z, i(E,) n i( E,) = fl. Let U, = f-‘(l/4, 11 and 
u, = f - ‘[O, 3/4) and choose cozero sets Vi, V, of Y with Uj = Xn y, i = 1, 2. 
Then, G = Vi u V, E A and G - Vi, G - V, are disjoint closed sets of G contain- 
ing E,, E,, respectively. Hence E,, E, have disjoint closures in the Lindeliif and 
therefore normal space G. Consequently, they have disjoint closures F,, F, in PG. 
Now x&‘(F,), rr; ‘(FJ are disjoint closed sets of Z containing i(E,), i(E,), 
respectively, which therefore have disjoint closures in Z. This completes the proof. 
The following proposition is a consequence of the inverse limit theorem for 
dim,: if X is the limit space of an inverse system of compact Hausdorff spaces X, 
with dim&X,) < n, then dim X, < n. This is a direct consequence of the continu- 
ity property of Alexander-Tech cohomology. 
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Proposition 4.2. Let X be a z-embedded subspace of Y, where X, Y are paracompact 
Hausdorff and dim Y < 03. Then dim,(X) < dim,(Y). 
Proof. Since dim Y < 00 and Y is paracompact, then dim,(Y) = dim,(PY) = n. 
Hence dim,(F) < IE for every closed subspace of pY. Now every cozero set H of 
pY is Lindeliif and therefore paracompact. It is also the union of countably many 
closed subsets of pY and therefore dim,(H) <n. Since also dim H < dim pY = 
dim Y<m, then dim,(PH) = dim,(H) < n. A space Z, therefore, that is the 
inverse limit of spaces such as /3(H) will satisfy dim,(Z) <n. By Lemma 4.1, OX 
is a closed subspace of such a space and so dim&X) < n. Now, since X is 
z-embedded in Y, dim X < dim Y < m, and since also X is paracompact, dim,(X) 
= dim&X) <n = dim,(Y). 0 
Remark 4.3. In our next result we make extensive use of Lemma 2.5. It is useful to 
obverse that if Y is a compact space, then the space Z constructed from it is also 
compact and, moreover, it is the union of countably many closed subsets each of 
which is homeomorphic with a closed subspace of Y. Consequently, if dim Y < m 
and dim,(Y) < n, then Z has the same property. 
Proposition 4.4. Let f : X + Y be a virtual embedding, where Y is a paracompact 
Hausdorff space with dim Y < ~0. Then dim,(X) < dim,(Y). 
Proof. We may assume dim,(Y) = k < a. Note that dim /3Y = dim Y = m < CQ, 
dim,(PY) = dim,(Y), Y is z-embedded in pY and the composite of f with the 
inclusion Y + pY is a virtual embedding. We may therefore also assume that Y is 
compact. Let {G,,: II EN, A E A) be a a-discrete base of open sets of X and (G,: 
n EN) a collection of cozero sets of Y with f-l(G,) = U(G,,: A E A>. Let {(U,, 
V,): 0 < (Y < 71, where T is a cardinal, be the collection of all pairs of disjoint open 
sets U,, V, of X with U, = U(G,,: A EM) and V, = lJ(G,,: h E A -M) for some 
n = n(a) EN and A4 = M(cr) c A. By transfinite induction, using Lemma 2.5 in 
conjunction with Remark 4.3, we construct the spaces and maps of the commuta- 
tive diagram of Fig. 2 for (Y <p < y Q T, where Z, is a compact Hausdorff space 
with dim Z, <m and dim&Z,,) < k and contains cozero sets G,,, H, such that 
GYUHy=h;~(Gn(y)),Uy=g;l(Gy)andV,,=g;’(H,) forO<y<T. 
Assuming that the construction has been carried out for all p < y < T, let W, be 
the limit space of the inverse system {Z,, h,,: a, p < y). Then, by the inverse limit 
theorems for dim and dim,, WY is compact Hausdorff with dim(W,,) < m and 
dim,(W,,) Q k. Let TV, : W,, --) Z,, (Y < y, denote canonical projection and a7 : X 
+ W, the map induced by the maps g, : X -+ Z,, cr < y. Applying Lemma 2.5 and 
Remark 4.3 to a7 we obtain a compact Hausdorff space Z, with dim Z, <m and 
dimJZ,) < k, maps gy : X + Z, and h, : Z, + W, with a7 = h, 0 g,, and disjoint 
cozero sets G,,, H, of Z, such that G, U H, = (rOy 0 hv)-‘(G,c7,> and lJ, = g; ‘(G,) 
128 M.G. Charalambous / Topology and its Applications 60 (1994) 117-130 
z, vzg yzz,--t_ . . . . . . . . . . __t_ 
h 
z, h’ Z, =y 
Bu ha 01 
Fig. 2. 
and Vy = g;r(H,). To complete the construction we simply let, for (Y < y, h,, = 
?r /hy. 
Consider now an open set 0 of X. Let 0, = lJ(G,,: Gnh c O), IZ E N. 
Obviously, 0 = U z=rO, and for some (Y, Q r, 0, = U& n EN. Hence P, = 
hiny(Ga,> is a cozero set of 2, with g;l(Pn) = g;nl(Gan) = 0,. Therefore P = 
U :=,Pn is a cozero set of Z, with g;‘(P) = 0. It follows that X is z-embedded 
in the compact Hausdorff and finite-dimensional Z,. By Proposition 4.2, dim,(X) 
< dim,(ZJ <k = dim,(Y). q 
Proposition 4.5. Every X in F has virtual compactijication Y in E with dim X= 
dim Y and dim,(X) = dim,(Y). 
Proof. Let f : X --) Z be a virtual metrizable compactification of X. By Zarelua’s 
factorization theorem [131, there is a compact metrizable Y with dim Y = dim X 
and dim,(Y) = dim.(X) and maps g :X+ Y and h: Y + Z with f= h 0 g. By 
Proposition 2.3, g is a virtual embedding, which concludes the proof. q 
5. Independence of axioms 
The following examples of dimension functions on M establish the indepen- 
dence of the axioms used in each of the characterizations presented in Section 3, 
treating (Al) and (A31 as one axiom. 
Example 5.1. Let d(X) = w if dim X = 0 and X is nonseparable, otherwise let 
d(X) = dim X. This satisfies all axioms except (Al), (Bl), (A61 and (A4). To see 
that (B4) is satisfied, consider a nonseparable X with dim X= 0 and let {H,: 
n EN) be a cover of X consisting of mutually disjoint nonempty open sets of X. 
Let {a,: n EN} be an enumeration of a countable dense subset of IN where each 
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point occurs infinitely many times. Let Y be the subspace IN x (0) u ((a,, l/n): 
nEN}of ZNXZanddefine f:X + Y by f(x) = (a,, l/n) if x E H,, n EN. Then 
f is a virtual embedding and Y is compact with d(Y) = 03 = d(X). 
Example 5.2. If X is homeomorphic with a subspace of P X Z containing an open 
subset of it, where P denotes the irrational numbers, we define d(X) = 2. 
Otherwise, we let d(X) = dim X. Note that if d(X) # dim X, then X is not 
a-compact, X has a metrizable compactification Y with d(X) = d(Y) = dim Y = 2 
and a metrizable compactification Z with d(Z) = dim Z = dim X= 1. Conse- 
quently, (Al), (Bl) and (A4) are not satisfied, while (A4) is satisfied on S. (A2) 
holds as a simple consequence of Baire’s category theorem, and the rest of the 
axioms are trivially satisfied. 
Example 5.3. There is a compact separable metrizable space K such that dim 
K = 03 and every finite-dimensional subspace of K is zero-dimensional [12]. Let 
d(X) = 0 if X # 6 and X can be virtually embedded in K. Otherwise, let 
d(X) = dim X. All axioms are satisfied by d except (B3), (A2) and (A4). Note that 
if there is a nontrivial map f: Z + K, then K contains an arc [3, Problem 6.3.121, 
which is one-dimensional. Hence Z cannot be virtually embedded into K, and (A5) 
and (B5) are satisfied. (B3) fails because K being compact with dim K = cc 
contains a nontrivial connected component L for which d(L) = 0. (A2) fails on S 
in view of Lemma 3.2, as (A4) holds on S. To prove this, consider a virtual 
embedding f : X + K, where fl ZX E S. By Proposition 2.7, there is a metrizable 
compactification g : X+ Y and a virtual embedding h : Y + K with h 0 g = f. 
Hence d(Y) = d(X) = 0. 
Example 5.4. If X # @ and X = U T= ,X, where each Xi is closed in X with ind 
X, < 0 and dim X, < 1, let d(X) = 0. Otherwise, let d(X) = dim X. Then all 
axioms are satisfied except (A4) and (B4). Note that for a compact Z in M, 
d(Z) = dim Z. Thus, if X is Roy’s example of a metrizable space with ind X = 0 
and dim X = 1, [ll], then d(X) = 0, and if Y is a virtual compactification of X, by 
Proposition 2.1, 1 = dim X< dim Y. Hence d(Y) > d(X) and (B4) fails. That (Bl) 
is satisfied is a consequence of the following result and Proposition 2.1. 
Proposition 5.5. Zf f : X + Y is a virtual embedding then ind X < ind Y. 
Proof. Let x E X and V an open neighbourhood of x. Let {G,,: n E N, a E A} be a 
a-discrete base of X and (G,: n EN) a collection of open sets of Y with 
f-‘(G,) = UCG,,: (~~A).Thenforsomen~Nanda!~A,~~G,,cV.Pickan 
open set U of Y with f(x) E U c UC G, and ind(a- U) < ind Y- 1. Note that 
f-‘(u - U) f~ G,, is a closed set of X containing the boundary Z of the neigh- 
bourhood f-‘(U) n G,, of x. Since f : Z + (I!? - U) is virtual embedding, the 
result follows by induction on ind Y. 0 
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Example 5.6. Let d(X) = CC for all X in M. This dimension function satisfies all 
axioms except (A4), (As) and (B5). Note that (A4) is satisfied on S. 
Example 5.7. Let G be a finitely generated Abelian group, such as Z,, the cyclic 
group of order a prime number p, for which there exists a compact metrizable 
space K such that dim,K < dim K = k < 03. Let d(X) = dim,(X) if dim Xg k. 
Otherwise, let d(X) = dim X. Then all axioms are satisfied except (A4), (A6) and 
(B6). (B4) follows from Proposition 4.5. Note that (A4) is satisfied on S. For if 
f : X + Y is a metrizable compactification of X in E, Zarelua’s factorization 
theorem [13] provides a metrizable compactification Z of X with dim Z = dim X 
and dim,(Z) = dim,(X). 
Example 5.8 [6, independence of (A4)]. Define d(X) = 2 if dim X= 1 and X is 
not the union of countably many closed subsets homeomorphic with subspaces of 
I, otherwise, let d(X) = dim X. Consider a metrizable compactification Y of 
Q x I. If Y = lJ T= rY. with each yi closed in Y, then by Baire’s category theorem, 
some Y contains an open subset of Q X I, and cannot therefore be embedded in I. 
Consequently, d(Y) > 2 while d(Q XI> = 1. Thus, (A4) fails on S. The rest of 
(Al)-(A6) as well as (B3), (B5) and (B6) are all trivially satisfied on S. 
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